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An inductive algorithm is presented for the construction of phase diagrams by
means of the low-temperature expansion technique. First the phase diagram is
studied in the set of formal series. In each step, properties of this phase diagram
are related to extremal elements of some family of convex sets. Approximations
of the phase diagram in order N are obtained by truncating all formal series at
the Nth term.
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We consider a classical spin lattice system described by a finite-range
Hamiltonian H,. We assume that H, satisfies standard assumptions which
secure the existence of the low-temperature expansion (LTE) of the
pressure in boundary conditions given by any periodic ground state.”") The
system is perturbed by a one-parameter perturbation L(x) = xL, where L is
a classical finite-range Hamiltonian (the many-parameter case has been
discussed in Ref. 2 for systems with a finite number of ground states). In the
LTE technique, each phase is connected to a periodic ground state G and it
is characterized by a formal series:

%(x)= —x-eg+ i n%(x)-e FE (1)

Here e; =eg(L) is the average energy of the perturbation per lattice site,
evaluated at the ground state G, and the sum is the LTE of the pressure in
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G boundary conditions.”) We assume that eg, # e, at least for one pair
G,, G, of periodic ground states (L lifts partially the ground-state
degeneracy).

We propose the following two-step construction of the phase diagram.
In the first step one considers the problem in the formal series algebra .
The ground state G dominates at xe D if #°(%) > 7% (x) for all G’ different
from G. The separation of D into regions of a single ground-state
dominance defines the formal phase diagram (FPD). In the second step,
the Nth-order approximation of the FPD in R is obtained by truncating all
formal series at the Nth term. This procedure is equivalent to considering
from the beginning the series (1) truncated at the Nth term. In this report
we restrict our attention to the problem of constructing the formal phase
diagram. The construction is inductive in order of the LTE. The Nth-order
approximation is obtained by terminating induction at order M.

In order zero, we consider only the linear term of (1). Suppose that
{—es} attains its infimum at G, and its supremum at G,. Then G,
dominates at x with x,<0, and G, at x with x,>0. The subset D,=
{X:x,=0} is left for the higher order analysis. In the zeroth-order
approximation (equivalent to the zero-temperature phase diagram), this
subset corresponds to the point x =0 at which all ground states coexist.

In order N, we consider a subset D, of D in which the lower order
analysis has not determined regions of dominance. In the (N — 1)th-order
approximation, D, corresponds to a point of coexistence with the
associated subset of ground states coexisting there. In order to study the
separation of D, into regions of a single ground-state dominance, we trun-
cate series (1) at order N and evaluate it in D 5. Then the nonlinear part is
constant (correction terms are of higher order), and (1) reduces to an affine
functional (—eg, AS). Hence, the FPD inside Dy is determined by the
phase diagram for a set of affine functionals. This problem has been studied
~ in Ref. 2. The idea is to construct the set W, = max conv{(—eg, 4§)}, and
then extremal properties of this set provide information about the phase
diagram. In particular, each extremal edge defines a subset I, ., and a
corresponding subset of ground states, which are considered in the next
order.

With the help of the algorithm presented in this paper we obtained
the following results. For systems with a finite number of ground states,
the construction describes asymptotic phase diagrams.’”’ We have also
considered a class of layered systems containing the ANNNI® and the
three-state chiral Potts model,”® and found a technical criterion for the
LTE that governs the emergence of an infinite set of phases in the phase
diagram.®
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